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Recently a simple phenomenological model of case Il
diffusion in polymeric materials was proposed by Rossi
et al.l According to this description, case Il diffusion
is associated with plasticization, i.e., with the transition
from the glassy to the rubbery or plasticized state that
occurs when the local solvent volume fraction ¢(x,t)
within the polymer exceeds some (temperature depend-
ent) threshold value ¢. At the basis of the model is the
observation that, in a glassy polymer exposed to a
plasticizing solvent, two different physical processes
take place. The first, solvent transport, is controlled
by Fick’s law, which states that the flux is proportional
to the concentration gradient. The proportionality
factor, i.e., the diffusion coefficient, depends in general
on the solvent volume fraction: the simplest situation
considered in ref 1 is one where D(¢) is equal to a
constant Dy in the glassy region of the material (¢ < ¢)
and to a different constant D; (>Dy) in the plasticized
region (¢ = ¢). The second process is the transition from
the glassy to the rubbery state: the kinetics of this
transition sets an upper limit on the rate at which
material can be plasticized, i.e., an upper limit on the
velocity of the surface (plasticization front) separating
the glassy and plasticized regions of the material or
equivalently an upper limit on the solvent flux across
the glassy—plasticized interface. Under the simplest
assumption on how the velocity of the front depends on
the preexisting level of solvent in the glassy region, the
flux of solvent across the interface cannot exceed vqg,
where v is the front velocity for an initially dry
polymeric glass.

The ideas summarized above can be translated into
a simple finite difference algorithm?! that, when imple-
mented on a computer, reproduces the main experimen-
tal features observed in systems exhibiting case Il
diffusion.2 Notably, an induction time 7o ~ Do/vo?
precedes the establishment of the plasticization front,
and there is a crossover at time 71 ~ D1/vg? from the
case Il regime, where the front velocity is constant, to
a Fickian regime where the distance covered by the
front increases as +t. When coupled to a proper
consideration of the macroscopic elastic stresses gener-
ated as solvent penetrates the specimen, these results
provide a simple framework to understand and classify
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many of the observed features of solvent diffusion in
glassy polymers.® In the present paper a continuum
formulation of the finite difference algorithm introduced
in ref 1 is presented. This formulation has the advan-
tage of making the physical assumptions of the model
more transparent and provides confirmation for the
computational results obtained in ref 1.

We start by considering a semi-infinite (x > 0) initially
dry glassy material, so that at t = 0 there is no
plasticized region and the solvent flux at x = 0 is vo¢.
Therefore, taking D(¢ < ¢) = Do and D(¢ = ¢) = D,
one simply has

¢t(X!t) = D0¢xx(x!t) for x>0 (1)

subject to the boundary conditions ¢(x>0,t=0) = 0 and
—Dogx(x=0,t) = vo¢; as usual, the apposed subscript t
(or x) denotes a partial derivative with respect to t (or
x). This is the equation implied by the discrete algo-
rithm of ref 1 in the time interval 0 < t < 7o, where 7o
is the time, defined by ¢(x=0,t=10) = ¢, at which the
solvent volume fraction at x = 0 reaches ¢; in other
words, 7o corresponds to the experimental induction
time.2 Equation 1 expresses the assumption that
solvent transport in the glassy region is the only process
taking place within the polymer prior to the establish-
ment of the plasticization front. On the other hand, the
constant flux boundary condition at the solvent polymer
interface x = 0 accounts for the kinetics of the plasti-
cization process occurring at the polymer surface. The
above problem can be solved exactly;* in particular, it
can be shown that 7o = 7Do/4v¢? and that ¢(X,7o) is given

by

DoV

where erfc(z) is the usual error function complement.>

For t > 19, a plasticization front is present at x = X(t)
and divides the semi-infinite domain x > 0 into a
plasticized [0 < x < X(t)] and a glassy [x = X(t)] region.
Thus we have a moving boundary problem (e.g., one
similar to the Stefan problem for the advancement of a
solidification or melting front®) where both the equation
x = X(t) for the moving front and the solvent volume
fraction ¢(x,t) on either side of the front need to be
determined. For t > 1o, the solvent volume fraction at
the boundary (x = 0) between the solvent and the
(plasticized) polymer is taken to be equal to the final
(equilibrium) volume fraction ® (>¢).” This implies that
at times immediately following o, the flux of solvent
—D1gx(X~(t),t—10") reaching the glassy—plasticized in-
terface from the plasticized side will exceed the pre-
scribed upper limit vo¢ for the flux of solvent into the
glassy region across the interface. As a result, solvent
accumulates in the plasticized region at the left of the
front and ¢(x,t) is discontinuous at the front, with the
limiting value ¢~(t) = ¢(X(t),t) on the plasticized side
larger than the limiting value ¢(X*(t),t) = ¢ on the glassy
side.

HO) = p(x,70) =%§ I merfc( Mo )dn @)
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As the front advances, a portion %(t)(¢—(t) — ¢) of the
flux —D1¢x(X~(t),t) of solvent reaching the interface from
the plasticized side is spent raising the solvent volume
fraction from ¢ to ¢—(t) over the region covered by the
front; the rest is the flux —Dggx(X"(t),t) through the front
into the glassy region. This translates into the following
boundary condition at x = X(t):

—Dh (X (1),1) + Do (X (1)) = XD (1) — )  (3)

At times immediately following 7o, the flux into the
glassy region must equal the upper limit vo¢. Both ¢(x,t)
in the glassy region and the movement of the front (e.g.,
X(t)) are then determined by

@i(X,t) = Dy (x,1) for x> X(t) 4)

subject to the boundary conditions —Dogx(X*(t),t) = Vod
and ¢(X*(t),t) = ¢. In the plasticized region, ¢(x,t) is
found from

d(X,t) = Dy (x,t) for 0 < x < X(t) (5)

the boundary conditions being given by eq 3 and by
o(x=0,t) = .

As time proceeds ¢~ (t) decreases, until at a time 1y,
defined by ¢(X(r1),71) = ¢, it becomes equal to ¢;
correspondingly (see eq 3), the flux —Digx(X(r1),71)
becomes equal to vp¢, in agreement with the results of
the numerical calculations reported in ref 1. For t >
71, the flux —D1¢«(X~(t),t) no longer exceeds vo¢ and the
model of ref 1 reverts to the diffusion equation with a
discontinuous diffusion coefficient, e.g., to eqs 4 and 5
subject to the boundary conditions ¢(X*(t),t) = ¢(X(t),t)
= ¢ and

D14,(X (1).1) = D (X" (1),t) (6)

at x = X(t). This latter situation corresponds to the
transport-limited or Fickian regime of ref 1. in this
situation, transport of solvent, rather than the kinetics
of the glassy to rubbery transition, is the rate-limiting
step controlling the movement of the plasticization
front.8

Clearly the continuum formulation discussed above
can be extended to cover more general forms of the
dependence of the diffusion coefficient D(¢) on ¢ as well
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as situations where the initial volume fraction of solvent
in the glassy material is nonzero. The present con-
tinuum formulation underscores the analogies as well
as the differences between the problem introduced in
ref 1 to account for the solvent-induced glassy to rubbery
transition and the conventional Stefan problem® that
describes first-order phase transitions such as freezing
and melting. For these first-order transitions the
liberation or absorption of latent heat together with the
heat transport characteristics of the material control the
movement of the front. By contrast here, the “micro-
scopic” kinetics of the plasticization process plays the
crucial role; the model of ref 1 accounts for this process
by setting an upper limit for the front velocity that
translates into an upper limit for the solvent flux
through the interface. In turn, this requirement leads
to the three regimes, induction time at t < 7o, plasticiza-
tion limited at 7o < t < 73, and transport limited for t >
71, discussed above.
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